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The increased computational effort may well be compensated by the 
improved accuracy of the results. 

INTRODUCTION metry has led users to try to create the nor- 
ONVERGENT photographs have been used mal case of photography because of its sim- 

C sporadically in photogrammetric practice plicity, namely the theoretically perfect ver- 
during the last 50 years. Although it yields tical photograph. In the present age of aria- 

a significant theoretical accuracy increase5 lytical photogrammetry and computer or- 
over vertical photographs, the latter are iented compilation, this is no longer a valid 
generally used because it is less awkward argument. The emphasis is rather shifted to- 
for practical stereo measurements. Practical wards achievable accuracy. For nonmetric 
testsG' 7 .  indicate that for one model an ac- cameras it is necessary in this respect to use 
curacy improvement of approximately 30 analytical methods for many projects, be- 
percent in both position and elevation can be cause several distortions have to be corrected. 

ABSTRACT: Depending on the object ~ h i c h  is to be photographed at close 
range, the convergent mode can be applied in order to strengthen the 
geometrical configuration of the solution. An obiecf rotation with respect to 
a fixed camera station will proaide this mode. Besides a description of the 
method, the results of a thorough investigation of this approach are com- 
pared with the results of the normal case applied for the same object. Rec- 
ommendations are made concerning efficiency, feasibility, acczdracy and ad- 
justment procedure. 

obtained; however, they also show that for I t  is therefore logical to consider convergent 
aerial triangulation the error propagation is photographs because of their higher accuracy, 
less favorable than with vertical photo- more favorable base-height ratios and dif- 
graphs. After approximately 15 models the ficulties in stereo vision can be tolerated, 
vertical photographs yield better results. This especially with well identified object points. 
is an additional limitation for the use of Konecny explains in the discrepancy be- 
convergent photography. tween theoretical and practical accuracy gain 

In close-range photogrammetry, however, in using convergent photography. Because 
we are usually concerned with single models the remaining errors in the interior orienta- 
and are therefore more interested in the tion parameters have a strong direct influence 
achievable accuracy. As most objects are on the models resulting from convergent pho- 
small, they can often be moved with respect tographs, some of the advantage is cancelled. 
to a fixed camera thus permitting stereopho- In convergent photography as applied by the 
tography. In "he various possibilities are authors, this is eliminated by the fact that 
discussed. Unless the object is instable or the parameters of the interior orientation are 
moving, one camera is often used for stereo- determined during the evaluation. In fact, 
photogrammetric measurements. this approach was used in several applica- 

The analogue background of photogram- tions for calibration purposes only. 

THE MATHEMATICAL MODEL * This article is based on the paper, "Quasi- 
Convergent Photogrammetry," presented at the In conventional photogrammetry (aerial or 
Fall Convention of the American Society of Pho- terrestrial) convergent photographs are ob- 
togrammetry, Columbus, Ohio, October 1972. tained either with two cameras or with one 
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camera that is shifted and rotated. In close- 
range photogrammetry, the same effect can 
be achieved by only ~o ta t ing  the object in 
respect to a fixed camera for successive pho- 
tography (Figure 1 ) .  The result is a pair of 
photographs which produces a stereomodel as 
if the object AB was photographed from the 
two imaginary positions El and E2. 

This convergent system is equivalent to the 
conventional convergent photography with 
all its inherent advantages (e.g., up to 100 
percent overlap, better base-height ratio and 
higher accuracy) and disadvantages (e.g., 
scale change within a photograph). 

For the evaluation of this approach, a 
computer program was written in Fortran IV 
which performs first a space resection solu- 
tion for each imaginary camera station using 
collinearity equations and carrying the pa- 
rameters of interior orientation as unknowns, 
then a space intersection solution for deter- 
mining the unknown object points. The lack 
of intersection of rays (coplanarity condition) 
is termed residual parallax and used as an 
indication of the accuracy of the solution. 
Furthermore, for a number of object points 
the photogrammetrically determined coordi- 
nates are compared with their known values 
in order to obtain an accuracy measure for 
the coordinates. The main equations of the 
approach are summarized below. 

According to Reference 1, the collinearity 
equations are: 

where 

MI* = ml,(X, - X.) + mlz(Y, - Y,) 

+ ml3 (Zp - ZO) 
Mz* = mnl (X, - X.) + mzz (Y, - Yc) 

+ mz3(zD - Z,) ( 2 )  
M3* = ma, (X, - X,) + ma2 (Y, - Y,) 

+ ma3 (ZD - Zc). 

Equations 1 are transformed into: 

Fy = (y,, - yo) Ma* + cMs* = 0. 

RG. 1. Convergent photographs obtained by 
object rotation. 

At this stage radial-symmetric and decen- 
tering lens distortions, as well as film shrink- 
age and nonperpendicularity of the compara- 
tor axes are considered. 

By introducing the latter, the image-co- 
ordinate system is solely based on the com- 
parator. Therefore, fiducial marks are not 
necessary. Radial-symmetric and decentering 
lens distortions were modelled according to 
Brown 2, and presented as corrections in the 
x- and y-directions. 

For radial-symmetric lens distortion the 
corrections are: 

dr. = (x, - xo) (klrZ + kZr4 + kar6 + * * a )  

dry = (y, - yo) (klr2 + kgr4 + k3r6 + . . a )  

where 

and x,, y, being the measured comparator 
coordinates of the image point P. For decen- 
tering lens distortion, the following correc- 
tions are used: 
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Scale differences along the principal axes and object control points are required. With more 
their possible nonperpendicularity were mod- points, a least-square adjustment is performed 
elled together as: in the following manner. 

Consider Equations 9 being a set of the 
dgx = A(y,, - yo) measured quantities L and the unknowns X: 

with 

dgY = B(YP - YO) 

A = (1 + ds) sin do 

(6) F(X, L) = 0 (10) 
with 

L = (X,, Y", %", x,, yu) 

X = (ki, kz, k3, pl, pz, A, B, c, 

\ 0 Xo, Yo1 Xc, Yc, Zc, a, 4, K ) .  

B = (1 + cis) cos dp - 1 As Equation 10 is non-linear, the equations 
are linearized using a Taylor expansion: 

where ds is the scale change along y-axis 
with respect to scale 1 along x-axis, and dP 
the angle difference to orthogonality (Figure F (X, L) = F(Xo, L) + 
2) 
Because 

(x, - XO) = (x, - xo) + dr, + dp, + dg, 

( 8 )  

(yp - yo) = (y, - yo) + dry + dpy + d g ,  

the collinearity Equations 3 were modified to 

F. = [(x, - xo) + dr, + dpx + dg.lMs* + CMI* 

= 0 

(9) 

F y  = [ ( y ,  - yo) + dry + dp, + dgy]M3* + cMz* 

= 0 

where X" is an approximation of X. V is the 
vector of residuals of the measured quantities 
L, the square sum of which is to be mini- 
mized. This constitutes the general case of 
least-squares adjustment. 

If the object control points X,, Y,, Z, are 
assumed as error-free or known to a very high 
accuracy, the mathematical model includes 
only residuals V, or V, for the image coordi- 
nates. This is expressed as 

with 
In order to solve for the unknowns, the 

radial lens distortion parameters are limited L' = (x,, yp). 
to three terms, kt, k2 and k 3 ,  whereas for the The linearized form will then be 
decenterin~: lens distortion two terms el and v2 
are considYered. Accordingly, ~ ~ u a t i o n s  '9 
are solved for the 16 unknown parameters of F(X)  - L' = F(XO) + ( x ) - d x - V = O .  
interior and exterior orientation. In solving 
for the 16 unknowns per camera, at least 8 (13) 

Y 
Scale = 1 A IT---  

scale - I + d s  

(x,,Y,) Scale = 1 

FIG. 2. Scale change and non-perpendicularity of comparator axes. 



This simplified version of the general case of 
least squares adjustment is valid only if the 
ratio of the projection distance Z, to the 
camera constant c is such that the measuring 
errors of the object control points is insignifi- 
cant on the image plane. For the following 
investigation, the general case of least-squares 
adjustment was employed and compared with 
the simplified version (Table 2).  

The program is arranged such that differ- 
ent weights for all measured quantities (ob- 
ject-space control and comparator measure- 
ments) can be assigned. Due to generally 
weak initial approximations X o ,  the solution 
is obtained after several iterations. The con- 
vergence criterion is 

Space intersection and residual parallax 
computations follow standard photogram- 
metric formulations which do not need to be 
discussed here. 

The camera (1) is fastened to a support- 
ing bar (2) ,  which can be moved along a 
vertical metal rod (3)  in order to set the de- 
sired camera height. The test field consists 
of a grid plate (4) of sheet aluminum which 
is supported by a horizontal steel rod (5) 
which acts as rotational axis. 

The test field consists of 61 points, namely 
36 grid intersections engraved every 25 mil- 
limeters (mm) on the aluminum surface and 
25 brass bolts with known but different 
heights, fixed perpendicularly to the plate. 

The test field was coordinated precisely to 
an accuracy of less than 0.03 mm. The cen- 
tering of the bolts proved to be most critical 
and any discrepancy exceeding this value was 
eliminated by recentering. This could be de- 
tected by measuring the points located in 
different planes separately for each plane on 
the comparator and then mathematically 
transforming them into the grid system. A 
series of 30 observations for all control points 
resulted in the following standard deviations 
for the test field: 

Two different types of problems were han- = 0.026 mm 

dled with this approach, namely calibration az = 0.003 mm 

of nonmetric cameras and object evaluation. l-his test field was used to calibrate the 
The latter was also performed using vertical cameras as in ~ ~ b l ~  1. 
stereophotography. The measured values were ~rocessed sev- 
CAMERA CALJBRATIONS 

For the purpose of camera calibration, a 
three-dimensional test field was constructed 
(see Reference 10 and Figure 3 ) .  

era1 times using different parameters of in- 
terior orientation in order to detect the criti- 
cal ones for a particular camera. This was 
done in order to save computer time and 
object-space control for subsequent use of 
these cameras. For each camera, the case of 
carrying all parameters was also adjusted with 
the simplified case using Equation 13 instead 
of Equation 11 as before. The interesting re- 
sults are indicated in Tables 2 and 3. 

These tables indicate some very interesting 
facts, namely that a simple calibration is 
sufficient for Camera 1, radial lens distortion 
is dominant for Camera 2 and film shrinkage 
and related distortions dominate the calibra- 
tion of Camera 3. For practical work, there- 

Test F ie ld (4) TABLE 1. CAMERAS CALIBRATED BY THE 

CONVERGENT PROCEDURE 

Approx. 
Focal 

Camera Name Lens Length 

1 Nikomat FT Nikkor - H 50 mm 
2 NikonF Nikkor - S 55 mm 
3 Asahi Pentax Takumar 35 mm FIG. 3. Rotatable test field with camera support. 
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TABLE 2. CALIBRATION RESULTS WITH DIFFERENT PARAMETERS 

Standard Deviations Mean 
of Coordinates in Residual 

Photo Distortion [mml Pamllax 
Scale Parameters 'JY [mml Camera 

none 0.080 0.064 0.102 0.052 
all 0.079 0.064 0.100 0.051 
none 0.085 0.072 0.274 0.031 
radial only 0.049 0.064 0.272 0.030 
radial + 0.046 0.062 0.265 0.031 
decentering 
all 0.047 0.061 0.266 0.028 
none 0.025 0.010 0.089 0.040 
radial only 0.026 0.012 0.087 0.039 
radial + 0.025 0.011 0.075 0.039 
decentering 
all 0.005 0.009 0.067 0.035 
decentering only 0.025 0.011 0.076 0.039 
affinity only 0.005 0.008 0.082 0.036 

TABLE 3. COMPARISON OF ACCURACIES OBTAINED WITH GENERAL AND SIMPLIFED ADJUSTMENT 
VERSIONS USING THE SAME DATA 

Standard Deviations Mean 
of Coordinates in Residual 

Adiustment based Distortion [mml Parallax 
on equation Camera Parameters 'J, OY ' J ~  [mml 

11 1 all 0.079 0.064 0.100 0.051 
13 0.094 0.088 0.109 0.093 
11 2 all 0.047 0.061 0.266 0.028 
13 0.077 0.071 0.270 0.029 
11 3 all 0.005 0.009 0.067 0.035 
13 0.053 0.068 0.095 0.108 

fore, all other parameters can be neglected 
as their influence is insignificant. 

OBJECT EVALUATION 

A semi-cylinder (20 cm long, radius 2 cm) 
with 49 well-defined points was photographed 
together with 40 three-dimensional control 
points. The camera, a Hasselblad 500C, was 
used in the quasi-convergent mode with 

TABLE 4. ACCUMCIES OBTAINED IN MILLIMETERS 
AT OBJECT SCALE BY EVALUATING VERTICAL AND 

CONVERGENT PHOTOGRAPHS OF THE 

SAME OBJECT 

Convergent 
Standard Vertical Mode Mode, Rotation 

Deviation (5 crn-Base) Angle '- 5" 

0.043 mm 0.032 mm 
' J ~  0.059 mm 0.030 mm 

Oz 0.158 mm 0.097 mm 
Mean 

Residual 
Parallax 0.076 mm 0.014 mm 

f 5" object rotations as well as in the verti- 
cal mode with a 5-cm paraIIeI shift of the ob- 
ject. In Table 4 the resulting accuracies for 
the two modes are compared. 

The improvement in the accuracy of the 
coordinates is as expected for convergent 
photography. It is worth noting the sizable 
improvement in the fullfilrnent of the coplan- 
arity condition (residual parallax). 

CONCLUSIONS 
The convergent condition in close-range 

photogrammetry can relatively easily be ob- 
tained by an object rotation in respect to a 
fixed camera. Because the parameters of in- 
terior orientation are treated as unknown in 
the numerical evaluation of the photographs, 
the full potential of accuracy improvement 
for convergent photography can be utilized. 
This, of course, can only be achieved by ana- 
lytical evaluation which, for non-metric pho- 
tographs, is necessary for most precision ap- 
plications even in the vertical mode or nor- 
mal case. As shown for some cameras, it is 



possible to reduce the number of distortion 
parameters by precalibration, thereby reduc- 
ing computer time as well as control require- 
ments. 

Considering accuracy as the main factor, 
the convergent situation should be  applied 
wherever practically feasible, which means 
for stable, small and well-controlled objects. 

As the required accuracy of the object- 
space control points presents a geodetic prob- 
lem in many instances and is sometimes not 
quite met, it is advisable to consider these 
points in the adjustment as observed quan- 
tities rather than fixed. 

The increased computational effort for the 
general case is usually compensated by better 
results. 
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NASA Research Opportunities 

As we move from the period of intense 
lunar flight activity so fittingly highlighted 
by the Apollo 17 mission, NASA is preparing 
a comprehensive lunar science Data Analysis 
and Synthesis Program to bring us closer to 
the goal of understanding the origin and 
evolution of the moon and our solar system. 

An announcement of research opportuni- 
ties in this program has been made by Dr. 

Naugle to members of the scientific com- 
munity. 

Many P.E. readers are not on our mailing 
list or, for other reasons, are not aware of the 
announcement; they may obtain copies by 
written request to: Lunar programs Office, 
Lunar Synthesis Program, Code SM, National 
Aeronautics & Space Administration, Wash- 
ington, D.C. 20546. 


